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Stability of a Panel in Incompressible, Unsteady Flow
R. E. KELLY*

Massachusetts Institute of Technology, Cambridge, Mass.

The stability of an infinite panel is investigated when the panel is immersed in an airstream
whose velocity is composed in part of an unsteady component that oscillates periodically with
respect to time. The analysis indicates that neutrally stable waves in the panel can undergo
parametric amplification due to the flow oscillation and therefore grow exponentially with
time. It is also shown that the unsteadiness has a destabilizing effect on the mode of instabil-
ity which is a result of dissipation in the panel. Finally, the possibility of stabilizing a mem-
brane in a steady flow by varying its tension periodically with respect to time is discussed.

Introduction

WHEREAS much research has been devoted to the problem
of the stability of a panel when it is immersed in a

steady flow, the effects of an unsteady flow on a panel have
apparently not yet been ascertained, although McClure1 has
considered the effects of a time-averaged, turbulent boundary
layer. Yet one can easily imagine circumstances in which a
panel might be subjected to severe unsteady loads. To repre-
sent such a flow adequately, spatial as well as temporal varia-
tions should be represented in the model. In this paper, how-
ever, emphasis is placed on the role of unsteadiness, and the
freestream is assumed to vary as

U(t) = U0(l + e cosorf) «1 (1)
It is hoped that spatial dependence will be included in the
flow model at some later time.

The present analysis follows the approach of Miles2 to panel
flutter, in which he assumed a panel of infinite length. A
progressive wave analysis resulted which resembled the
classic Kelvin-Helmholtz problem concerning the stability of
an interface between fluids of different densities and velocities.
The basic flow is assumed to be parallel and steady in that
problem. The present results ensued from an investigation
by the author3-12 of the Kelvin-Helmholtz problem under
unsteady conditions.

The assumption of an infinite panel suffers from the fact
that it excludes important aerodynamic effects associated
with the edges of a finite panel. However, it is certainly not
obvious that such effects would eliminate the mechanism of
energy transfer discussed in this paper, which is wholly de-
pendent upon the unsteady nature of the basic flow. Further,
it should be noted that traveling waves have been found ex-
perimentally with long panels.10

The present mechanism of energy transfer is best intro-
duced by noting that, if one fills a container partly with water
and causes the container to oscillate vertically with twice the
frequency of a given mode, one will notice waves correspond-
ing to that mode forming at the surface of the water. This
result was first noticed by Faraday,4 but a complete analysis
of the phenomenon was given by Benjamin and Ursell5 only in
1954. A simple physical argument for the subharmonic re-
sponse can be given as follows. Consider that the container
is pushed upward whenever the wave is at its maximum de-
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flection away from the planar condition. Then the restoring
force will be greater than in the case of a neutrally stable wave
in a container at rest, and the kinetic energy of the wave will
be correspondingly greater. Now consider that the container
is pulled downward just when the planar condition is reached.
Then the effective gravitational force will be less than in the
static case, and the relatively greater kinetic energy of the
wave can only be reflected in an increased amplitude of deflec-
tion of the surface. As the cycle repeats, resonance will re-
sult. Note that the wave has half the frequency of the
vertical oscillation. The result is a clear example of para-
metric amplification, which is associated with systems in which
some parameter (here gravity), which when constant defines
in part the natural frequencies, varies periodically with time.
The theory of parametric amplification and other examples of
interest are discussed in books by McLachlan6 and Stoker.7

Here we note only that, in both the Kelvin-Helmholtz and
panel flutter problems, the wave speed of a neutrally stable
wave is defined in part by the freestream velocity. This
occurs because the pressure caused by a wave opposes the
effects of gravity, tension, and bending stiffness. Hence, we
might expect that, when the velocity and, consequently, the
wave speed are changing periodically with time, an effect
similar to the one just discussed might occur.

Equations of Motion

The panel, with its midplane situated at y = 0, is considered
to be exposed to an airstream in the positive x direction on
both of its sides so that the unperturbed state is plane. It is
taken to have a bending stiffness D per unit breath, a tension
load T7, an areal mass density m, and a coefficient of damping
K. The equation relating the transverse deflection of the
panel 77 to the pressure induced by the deflection is given as

where the subscripts ( )i and ( )2 denote, respectively, the
lower and upper surfaces of the panel.

The flow is irrotational, and so one may write an integral of
the equations of motion for the air flow as

P/Po + \(u? + v2) + c><£/c>£ = F(0 (3)
where po is the air density, P the pressure, u and v the velocity
components parallel and normal to the midplane, F(t) an arbi-
trary function of time, and <£ a velocity potential defined by

(d/cto, b/cty) $ = u,v' (4)

We consider the basic flow, given by (1), to be perturbed by a
disturbance of such small magnitude that the linear version
of the relation (3) may be used for the disturbance pressure
dp:

— 5p = (5)
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THE SOLUTIONS ARE STABLE WITHIN
THE SHADED REGIONS

Fig. 1 The stability boundaries for Mathieu's equation
d2y/dr2 + [5 + e cosr]y = 0.

The equation of continuity requires that the perturbation po-
tential 50 satisfies

c)250/d2/2 = 0 (6)

We assume that the perturbation can be expressed in terms of
its Fourier components in the x direction and, accordingly,
seek a solution where any function f(x,y,t) has the following
form:

' S(x,yfy = fly fie** (7)
where k is the wave number. Then the equation for 50 be-
comes

c)250/d?/2 -
so that

502 =

(8)

(9)
The equation relating the displacement of the interface to the
normal component of velocity is

(10)

or

drj/dt + ikU(t)rj = (-l)>'+1kAj(t) (11)
In order that the relation be unique, we require that

Ai(t) = -A2(t) = -A(t) (12)
so that Eq. (11) becomes

dfi/dt + ikU(t)rj = -kA (13)
We may also use Eqs. (12, 9, and 5) to write Eq. (2) as

2p0 (14)at

Finally, Eqs. (13) and (14) may be combined to give the
following single equation for rj(t):

(m + 2pQ/k)d2ij/dt2 + (4ip0U + K)dvj/dt
+ [Tk* + Dk* + 2ipQ(dU/dt) - 2pQkU2]rj = 0 (15)

We will find it convenient to eliminate the first derivative term
by means of the substitution

-Kt 2ipQrj(t) = exp (2(m + 2p0/k) (m + 2pQ/k)

to give the following alternative equation iorrj(t):

d*$ fra2 + Dk* _ 2pQmkUz _
dt2 \_m+ 2p0/k ~ (m + 2p0/k)2 ~

K2 2ip0UK

SUdt} (16)

= 0 (17)

Panel Without Dissipation

In the case K = 0, the equation governing the stability
becomes

+ Dk*
2p<>/k

_ 2pQmkU2 I _
(18)

Using the same notation as Miles, we define the following:
quantities

Co2 = (T + k2D)/m f0 = Co/Uo M = 2Po/mk (19)

In the case of a steady flow, when U(t) = UQ, the panel is-
unstable when

To2 < /*/(! + (20)

which agrees with the result (4.5) in the paper by Miles.
The critical windspeed is therefore always greater than the
wavespeed of the free oscillations for finite JJL.

We now consider the case when the freestream has the func-
tional dependence upon time as given in (1). Then Eq. (18)
becomes

dt2 [ K CQ

rT7~ (1 +
(1 + 2e cosoj£ + e2 cos2o>Z) rj

= 0 (21)

The case of greatest interest occurs for e| <3C 1. Then Eq.
(21) can be approximated by

dt* + M (1 +
(1 + 2e coscoO U = 0 (22)

which has the form of Mathieu's equation

d2y/dr2 + [5 + e COST]?/ = 0 (23)

whose stability characteristics are shown in Fig. 1. Except for
the subharmonic response (5 = £), the regions of instability
are all of order e2, and one would have to consider the full
Eq. (21) in order to investigate these possibilities of instability.
However, Eq. (22) is an adequate approximation to Eq. (21)
for the subharmonic region, whose boundaries are defined for
€ « 1 by (see Stoker,7 p. 212)

5 = i ± e/2 (24)

Viscous effects tend to have a severe influence on the cuspidal
shape of the other regions of stability, and usually only the
subharmonic response is observed experimentally. Only the
subharmonic region will be considered here. Then comparing
Eq. (23) to Eq. (22), we may use Eq. (24) to write the con-
dition for a subharmonic resonance as

(25)

For small values of e, the response is most likely when

1 + fji (1 + ju)2 \2kUoJ

or

(26)

(27)

which is plotted in Fig. 2 for various values of the nondimen-
sional frequency parameter. It should be realized that only
below the curve u/2kUo = 0 is the system completely un-
stable (here we ignore the possibility that the system might
be in one of the slender regions of stability which exist for
5 < 0 in Fig. 2). The other curves are ones of resonance, and
instability will occur only if the characteristics of the system
are such that they lie on one of the curves. We first notice that
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instability can occur when the mean value of the velocity is
below the free-wave speed. The amount of reduction de-
pends upon the wave number and frequency. For a fixed
value of k, increasing the frequency tends to reduce the value
of the mean speed that is required for resonance. Miles
suggested that one might gain some information concerning
a periodically supported panel from the analysis of an infinite
panel by defining k = nir/1 where n is an integer and / is the
distance between supports. Then from (25) for very small
|e , it is clear that the subharmonic response will not occur if

> 4(mr/02[co2/(l + (28)

This relation implies that only the higher harmonic modes will
be stimulated by high-frequency oscillations of the stream.

When 5 = %, the solutions of Eq. (23) behave as y ~
yQ exp { ± er/2}. Hence, for the subharmonic condition given
in Eq. (26), the solutions of Eq, (22) will behave as

rjo exp (1

Therefore the growth rate increases with the mean velocity
and vanishes, of course, as UQ -> 0. The growth rate also
increases as the wavelength of the disturbance decreases.

Panel With Dissipation

It is now known that the presence of dissipation in a flexible
surface can lead to a reduced value of the freestream velocity
at which the surface becomes unstable. This seemingly para-
doxical result has been discussed by Landahl,8 Benjamin,9

and, with special connection to panel flutter, by Dugundji,
Dowell, and Perkin.10

Landahl found that, of the two wave speeds allowed by Eq.
(18) for constant velocity flow, the wave that travels upstream
for small U0 causes the total kinetic and elastic energy of the
system to decrease as its amplitude increases. Hence, any
further reduction in the energy, such as through dissipation,
will be reflected in an increased amplitude for this slow or class
A wave. Because the oscillations provide an additional way
in which the airstream can transmit energy to the panel, we
now ask whether the oscillations might stabilize the class A
waves by increasing their energy content.

The equation of interest is now Eq. (15). If we first take
the case of a constant velocity U(t) — UQ, use the quantities
defined in (19), and assume

rj(t) (30)

then the characteristic equation becomes

-(1 + M) f 2 + (2j* - iK0)f + (fo2 - M) = 0 (31)
where

f = c/|70 = a/kUo K0 = K/kmUQ (32)

Solving for f, we obtain

2(1 (1 +
+

4
U/2

When f 0
2 = M> "the two roots are

r = (2M -

(33)

(34)

For f0
2 < Mr one root has a positive imaginary part and there-

fore gives rise to growing solutions. This condition is more
severe than that given in Eq. (20).

We now consider the velocity to be of the form given in (1)
and concentrate on the case when e and KQ are small and of the
same order of magnitude. From Eq. (33), it is clear that the
condition for instability remains unchanged if we neglect terms
of order (K0)2.

NOTE= FOR («/2kU0)#0, THE CURVES
SHOW CONDITIONS FOR SUBHARMONIC
RESONANCE

1 2 3 4 5 6
THE DENSITY RATIO /i = (2/>o/mk)

Fig. 2 The effect of airstream unsteadiness on the sta-
bility of a panel without damping in incompressible flow.

For this analysis, it is very convenient to apply the method
of two scales, as presented by Kevorkian.11 This method is
particularly suitable to the present problem because two time
scales exist, namely, the period of the wave and the scale for
growth or decay of the wave, which is of order e or KQ. We
consider the case when the latter scale is much larger than the
period of the wave. The method is illustrated by first applying
it to the case of constant velocity flow.

We now define the two time variables

r = Wot LOT KQ«l (35)

and let fj = 77(f, r*). The equation that replaces Eq. (17) is

(36)M)2 4(1 + A

where

X2 = fo2/(l + M) - M/(l + M)2 (37)
We now expand as

77(f,r*) = ?7o(r,T*) + ^O^I(T, r*) + . . . (38)

The solution for TJQ(TI r*) is

*j0(f, r*) = A(r*) cosXf + jB(r*) sinX f (39)

The equation for 771 (f, r*) is then

~~;——r^ A —

, B + 2X ̂  I sinXr (40)
UT

In order to prevent secular terms from arising in the solution
for 771, the terms in brackets in Eq. (40) must vanish. If we
assume A, B ~ exp(oT*), then the characteristic equation
for a gives the result

o- = ±M/2X(1 + /x)2 (41)

For f0
2 = M> then X = /*/(! + /z), and we have

(42)

Hence, for fo2 = M> the growing solution exactly balances the
exponentially decaying factor in Eq. (16), and we conclude
that the panel is unstable for

fo2 < M (43)X < M/(l + M) or

which agrees with the exact result.



1116 R. E. KELLY AIAA JOURNAL

We now apply the method to the unsteady problem, for
which the governing equation is

dt* t fo2 M
1 + fJL ~ (1 + Jit)2 "" 4(1-{(1 + M)2 1(1 + (1 + M)

e cosco£ —

(44)

When e] «: K0, the result is that just shown to order K0. If
KQ «; \e, the result is that shown in Eq. (25) to order e.
Here we are interested in the case when e and KQ are small but
of the same order of magnitude. In order to include the
limiting cases, we define

KQ = K*ft e = e*/3 (45)

where ft is the scale suitable to the particular problem. Thus,
for e* = 0, we take K* = 1 in order to obtain the steady
results. We now define

A = kUo/cio r = oit T
and let rj = 77(7,7-*). The equation for rj is

(46)

drdr*

A2

br*2

{iK* + 2e* COST} -

(K** .
< b r + *iK*e* COST cos2r

(1 +

We now expand as

The solution for 970 is

77o(T,r*) - A(r*) cosAXr + £(r*) sinAXr

and the equation for 771 is

(47)

(48)

(49)

c)r2
^ O97! = -2 4.+

(1 + O 2 ^0 +

2e*MA2

COSTCO (50)

In general, the last term in Eq. (50) will not give rise to
secular terms and therefore will not affect the steady stability
conditions, as defined through the previous two terms. The
exceptional case occurs for AX = \ because then the product

; 2.2
C o
: - 2.0cj o

j t? 1.8

i . i 1-6

oo 1.2

cr < 0.8
< ^ 0.6
o o
j= K 0.4
:̂ Q

= 3/2-

NOTE: UNSTABLE IN AREA
BELOW EACH CURVE

1.00 0.2 0.4 0.6 0.8 .
THE DEKlSITY RATIO//. =(2/)0/mk)

Fig. 3 The effect of airstream unsteadiness on the sta-
bility of a panel with damping in incompressible flow.

will give rise to terms with frequency of \. We consider now
this condition, for which Eq. (50) becomes

1 , dB iK*t*A.*

(1 +
B -

M)
B

In order to suppress secular terms, the terms in brackets again
must vanish. If we again take A, B ~ exp(o-r*), this condi-
tion is expressed by the determinant

+
= 0

Upon expansion and solving for cr, we find
a A 2

_ €*2W2

(1 +
or

A,B ~ exp<! MA2

(1 +

(52)

(53)

Suppose that we first consider the effect of the oscillations on a
class A wave. Then we let K* = 1 and K0 = ft, and Eq. (53)
becomes

' B
The growing solution will predominate over the decaying com-
ponent in Eq (16) when

or

2)1/2/(l

fo2 < /i + M2e*2/(l +

(55)

(56)

Thus, instability can occur at a lower value of UQ when
e* ^ 0, and we conclude that the oscillations have a de-
stabilizing effect on the class A waves, when XA = -|-, which is
contrary to our initial supposition. The critical value of f0

2,
so obtained from Eq. (56), is plotted as a function of /z and
e* in Fig. 3. The condition XA = -J- may be used to write Eq.
(55) as

2)1/2/(l (57)

which indicates that high-frequency oscillations can only
excite the short wavelength disturbances. Although it is not
difficult to extend the analysis to include a region near XA =
•J-, one can show that this condition is most critical.

We might also ask how the presence of dissipation in the
panel affects the subharmonic resonance. Now we let e* = 1
and /3 = e, so that Eq. (53) becomes

A,B (58)

It is convenient to rewrite Eq. (16) as

Therefore the growing solution of Eq. (58) predominates
when

[MA2/(1
or

(60)

(61)
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or

1 + 1 +

4-
(62)

It is clear that dissipation tends to have a strong stabilizing
effect on the subharmonic response. For instance, as K* ->
oo; the condition approaches the steady result. At any rate,
the effect of nonzero K* is to place a lower bound on per-
missable values of C70 to cause instability. The critical value
of f0

2, as obtained from Eq. (62), is plotted as a function of K*
and /z in Fig. 4.

Membrane with Time-Varying Tension

Finally, it is interesting to speculate on whether the sur-
face might be stabilized when the freestream is constant by
allowing the tension to vary with time. Although such a
suggestion is obviously impractical with regard to a metal
panel, the possibility is worth investigating because use of a
flexible surface has been suggested as a means of stabilizing
boundary-layer flow. Under certain conditions, freestream
unsteadiness might have a stabilizing influence; however,
because one cannot select the frequencies desired, one must
emphasize the destabilizing effects of freestream unsteadiness.
On the other hand, one can visualize varying the surface ten-
sion in a predetermined manner and so possibly stabilize the
surface.

We therefore consider the case when D = 0, c0
2 = T0/m,

and T = T0(l + e cosco£). The equation for rj(t) is now

to2 M #o2

4(1

_|_ _L— cosr hj = o (63)
V± T P)~ 1 -T M J

where T = co£. Consider first the case KQ = 0, for which in-
stability occurs when

fo2 < + M) (64)

With reference to Fig. 1, we see that the system can be
stabilized for f0

2 < /V(l + /*) because Eq. (63) is exactly of
the Mathieu type (for KQ = 0). From Fig. 4 of the report by
Kevorkian,11 the boundaries of the region of stability for
Mathieu's equation when 5 < 0 and e «C 1 are

-le2 < <5 < 1 - e/2 - e2 (65)

For the present case, this condition can be expressed ap-
proximately as
21/2

This relation can be simplified somewhat by defining

fo2 = [/«/(! + /*)](!- 7)

(66)

(67)

so that 7 is a measure of the extent to which the steady, criti-
cal windspeed can be exceeded. Then the relation (66) can be
written as

2 i /2 (^] t1^-^} f-Y'2 < k < s (V^Y (i+ M)* +- T)
(68)

For most applications, IJL is a small quantity (p, = 0.1 — 0.2).
Also, from practical considerations, we would like e to be
small. For e ~ 0(/z), it is clear from Eq. (68) that (co/JfcC/o) ~

in order to have 7 ~ 0(/z). Hence, it would appear that

UJ —
K. -
U- O

£tt
3= Q.

s

2.2
2.0
2.8

1.6

1.4

1.2

1.0

0.8

0.6

0.4

0.2

K -co -

NOTE:
UNSTABLE IN AREA
BELOW EACH CURVE

0 0.2 0.4 0.6 0.8 1.0
THE DENSITY RATIO jj. = (2p0 /mk )

Fig. 4 The effect of panel damping on the subharmonic
resonance.

a slight amount of stabilization can be achieved by suitably
varying the tension at a relatively low frequency.

It should, however, be realized that, whereas the Kelvin-
Helmholtz type instability can be postponed until f0

2 <
4~ M), a subharmonic instability is possible, once co and k

are fixed, for f0
2 > M/(l + M) as given in Eq. (27). This in-

stability will occur when

(69)

One avoids this instability by simply not varying the tension
until this condition is passed.

On the other hand, it does not seem possible to stabilize the
class A wave by varying the tension when dissipation is im-
portant. By an analysis similar to that given in the preceding-
section, one finds that the oscillations have a destabilizing
effect, similar to the effect of freestream unsteadiness.

Conclusions

The analysis indicates that a new mode of instability may
exist for a panel when the panel is placed in a strongly fluctuat-
ing flow. The instability has a subharmonic character and re-
sults from parametric amplifications of waves that would be
neutrally stable in a steady flow. Panel dissipation tends to
stabilize this subharmonic resonance, although the oscilla-
tions have a destabilizing effect on the mode of instability due
to panel damping. Finally, it would appear that a flexible
surface in a steady flow can be stabilized somewhat by vary-
ing the tension with time if the panel dissipation is not too
great.
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Elastic Stability of Thin-Walled Cylindrical and
Conical Shells under Combined Internal Pressure and

Axial Compression
V. I. WEINGARTEN*
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The results of an extensive experimental program on the stability of cylindrical and conical
shells under internal pressure and axial compression are presented. The use of the given data
for design criteria is discussed, and recommendations are given. The experimental data for
elastic, pressurized cylinders under axial compression indicated that the load carried by the
cylinder in addition to that carried by internal pressure increases to the value given by small-
deflection theory for unpressurized cylinders. The variation of the net load with internal
pressure was found to depend on the radius- thickness ratio of the cylinder, and curves suitable
for design were obtained. Experimental buckling loads obtained for conical shells were in
good agreement with small-deflection theory predictions for sufficiently high pressures. The
results indicated that the end-support condition may be more important for cones than
cylinders. Insufficient data were obtained, however, to enable design curves to be recom-
mended in the low-pressure region.

E
L
P
P
P

R
R!
t
Z

7

e/eci

NomencJ ature
Young's modulus of shell wall material
axial length of cylinder or cone
total axial load at buckling
uniform internal or external hydrostatic pressure
internal pressure parameter { p [(Ri/cosa)/t] 2/E for

cones or p/E(R/t)2 for cylinders}

cylinder radius
radius of small end of cone
shell wall thickness
cylinder curvature parameter [3(1 —
semivertex angle of cone
critical load shortening parameter [( &LCT/L)R/t]
internal pressure parameter {[3(1 - vz)/2]l/z(p/E)

x [(fli/cos*)/*]2}
ratio of compressive strain and classical buckling

strain
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v
a, trcr

<TC, <TC

= Poisson's ratio of wall material
= critical average compressive stress PCT/2TrRt
= critical average compressive stress coefficient

= theoretical compressive buckling stress

0prop Hmit = stress coefficient at proportional limit of material
[0-prop \imit/(Et/R)]

0-min = minimum axial compressive stress in buckled state
tfmin = minimum axial compressive stress coefficient

f<W [#('/«)]}
ALcr = total end shortening at buckling
f = cone geometry parameter { [12(1 — v 2 ) ] l / z X

Introduction

INCREASED emphasis has recently been placed upon the in-
ternally pressurized monocoque cylinders and cones as an

efficient load carrying structure for missile applications. As
a result, several experimental investigations have been re-
ported in the literature.1"5 Practically all the results obtained
to date for cylindrical shells seem inconsistent with current
explanations of cylinder behavior. With the exception of the
study of Ref . 1 , even large amounts of internal pressure did not
stabilize the test cylinders to the extent that the theoretical


